Introduction
In 1932 E. Cartan [C] classified all connected 3-dimensional homogeneous strongly pseudoconvex CR-manifolds (we reproduce his classification in detail in Section 1 below). Most manifolds in the classification are given by explicit equations as hypersurfaces in either C 2 or CP 2 . The exceptions (apart from lens spaces) are all possible covers of each of the following hypersurfaces:
χ := {(z, w) ∈ C 2 : x 2 + u 2 = 1} , µ α := {(z : w : ζ) ∈ CP 2 : |z| 2 + |w| 2 + |ζ| 2 = α|z 2 + w 2 + ζ 2 |} , α > 1, ν α := {(z, w) ∈ C 2 : |z| 2 + |w| 2 − 1 = α|z 2 + w 2 − 1|} \ {(x, u) ∈ R 2 : x 2 + u 2 = 1} , −1 < α < 1, η α := (z, w) ∈ C 2 : 1 + |z| 2 − |w| 2 = α|1 + z 2 − w 2 |, Im(z(1 + w)) > 0 , α > 1.
In the above formulas and everywhere below we set z = x + iy, w = u + iv. Sometimes it is desirable to know all the covers explicitly. For example, such a need arises when one attempts to describe all Kobayashi-hyperbolic 2-dimensional complex manifolds with holomorphic automorphism group of dimension 3, since almost every hypersurface from Cartan's classification can be realized as an orbit of the automorphism group action on such a manifold [I2] (see also [I1] for motivations and related results).
All covers of the hypersurface χ are easy to find (see Section 2). Next, in Section 3 we determine the covers of the hypersurfaces µ α . All of them are compact, and, since compact Levi non-degenerate homogeneous CRmanifolds have been extensively studied (see, e.g., [AHR] and references therein), all these covers have been discovered on many occasions in various guises (see, e.g. [ENS] ). In Section 3 we show how the covers of µ α can be found by using a map introduced by Rossi in [R] . Originally, Rossi defined it as a map from CP 2 \ {0} into CP 3 and used it to construct strongly pseudoconvex 3-dimensional manifolds that do not bound any pseudoconvex analytic space. For our purposes, however, we will only be interested in the restriction of the map to C 2 \ {0} and call this restriction Rossi's map (see formula (3.1)).
Our main results are contained in Section 4, where we determine all covers of the hypersurfaces ν α and η α that, in contrast with those of µ α , appear to have never been found explicitly. Interestingly, it turns out that this can be done by introducing a map (in fact, a sequence of maps) analogous to Rossi's map (see (4.1), (4.11)). While Rossi's map is associated with the action of SU 2 on C 2 \ {0}, our analogues are associated with the action of
(which is a manifestation of the non-compactness of ν α and η α ). While for µ α only 2-and 4-sheeted covers can occur, there is an n-sheeted cover for every n ≥ 2 as well as an infinitesheeted cover, for each of ν α , η α . In fact, as in the cases of χ and µ α , we explicitly find the covers of certain domains in C 2 , namely D ν := ∪ −1<α<1 ν α and D η := ∪ α>1 η α . We equip the covers of these domains with complex structures obtained by pull-backs under explicit covering maps, the covers of ν α , η α with CR-structures induced by these complex structures, and find the groups of CR-automorphisms of the induced CR-structures explicitly. Hence the emphasis of the present paper is on the explicit determination of the covers of ν α and η α in the differential-geometric sense, and on group actions.
The main motivation for the present work was the above-mentioned problem of classifying 2-dimensional Kobayashi-hyperbolic manifolds with 3-dimensional automorphism groups (we call such manifolds (2,3)-manifolds for brevity). A complete explicit classification of (2,3)-manifolds was obtained in [I2] , and the particular realizations of the covers of ν α and η α (as well as those of χ and µ α ) constructed in the present paper turned out to be extremely useful for this purpose. In our construction, the covers ν In [I2] we often relied on this property when studying (2,3)-manifolds with codimension 2 orbits.
Before proceeding, we would like to thank one of the anonymous referees for numerous suggestions that help improve the paper. These suggestions included, in particular, a group-theoretic interpretation of Rossi's map that we reproduce in Section 3. Similar constructions lead to group-theoretic interpretations of our analogues of Rossi's map (see Section 4).
E. Cartan's Classification
In this section we reproduce E. Cartan's classification of connected 3-dimensional homogeneous strongly pseudoconvex CR-manifolds from [C] . He shows that every such hypersurface is CR-equivalent to one of the manifolds on the list below. As does Cartan, we group the model manifolds into spherical and non-spherical ones.
The Spherical Case
The groups of CR-automorphisms of the above hypersurfaces (except in case (ix)) are as follows:
with Q ∈ SU 2,1 , where
where U ∈ U 2 and [(z, w)] ∈ L m denotes the equivalence class of (z, w) ∈ S 3 under the action of Z m embedded in U 2 as a subgroup of scalar matrices.
where λ ∈ R * , ϕ, γ ∈ R, a ∈ C, CU 1 denotes the conformal unitary group given by the conditions a = 0, γ = 0, and H denotes the Heisenberg group given by the conditions λ = 1, ϕ = 0.
Aut CR (ε α ) :
c is the universal cover of the connected identity component SO 2,1 (R) c of the group SO 2,1 (R), and × loc denotes locally direct product; Aut
where ϕ, γ ∈ R, a ∈ C, |a| < 1.
where ϕ, ψ ∈ R, a ∈ C.
This group consists of all maps of the form (1.1) with Q ∈ SO 2,1 (R), where Q is defined in (1.2).
The Non-Spherical Case
Below we list the groups of CR-automorphisms of the above hypersurfaces excluding cases (iv), (vii), (ix), (xi). Note that it follows from the proof of Lemma 3.3 of [IKru] that the automorphism group of a connected non-spherical homogeneous hypersurface in a 2-dimensional complex manifold has at most two connected components.
where λ > 0, β, γ ∈ R.
where ψ, β, γ ∈ R.
where A ∈ SO 3 (R).
with Q ∈ SO 2,1 (R) c , where Q is defined in (1.2).
Thus, to obtain an explicit classification from the above lists, one needs to determine all possible covers of χ, µ α , ν α (including the spherical hypersurface ν 0 ), and η α .
Let M be an arbitrary manifold,M its universal cover, Π :M → M a covering map and Γ Π the corresponding group of covering transformations ofM . Then an arbitrary manifold that covers M is obtained fromM by factoring it by the action of a subgroup of Γ Π . Hence, in order to find all covers of each of the hypersurfaces χ, µ α , ν α , η α we need to determine their universal covers, the corresponding groups of covering transformations and all their subgroups.
2 The Covers of χ Let Φ χ : C 2 → C 2 \ {x = 0, u = 0} be the following map:
z → e x cos y + iu, w → e x sin y + iv.
Clearly, Φ χ is an infinitely-sheeted covering map. Introduce on the domain of Φ χ a complex structure so that Φ χ becomes holomorphic (the pull-back complex structure under Φ χ ), and denote the resulting manifold by M Φ χ . Thenχ coincides with the hypersurface
equipped with the CR-structure induced by the complex structure of M Φ χ . Clearly, Γ Φ χ consists of all transformations of the form
Let Γ ⊂ Γ Φ χ be a subgroup. Then there exists an integer n ≥ 0 such that every element of Γ has the form
Suppose that n ≥ 1 and consider the map Φ χ n from C 2 \ {x = 0, u = 0} onto itself defined as follows: is an n-sheeted cover of χ corresponding to Γ with covering map
Thus, every cover of χ is CR-equivalent to either χ (∞) or χ (n) for some n ∈ N. The groups of CR-automorphisms of χ (∞) and χ (n) are given below.
This group is generated by the maps
where β ∈ R, a ∈ C, that form the connected identity component Aut
, and the map
which is a lift from C 2 \ {x = 0, u = 0} to M Φ χ of the following element of Aut CR (χ):
z → z, w → −w.
(2.1)
where ϕ, β, γ ∈ R, that form the identity component of Aut CR χ (n) , and map (2.1).
The Covers of µ α
All covers of µ α can be found by using a map introduced by Rossi in [R] . Let Q + be the variety in C 3 given by
Consider the map Φ µ : C 2 \ {0} → Q + defined by the formulas
It is straightforward to verify that Φ µ is a 2-to-1 covering map onto Q + \ (Q + ∩ R 3 ) and that it satisfies
for all g ∈ SU 2 , (z, w) ∈ C 2 \ {0}, where ϕ µ is the standard 2-to-1 covering homomorphism from SU 2 onto SO 3 (R) defined as follows: for
In formula (3.2) the actions of SU 2 on C 2 and SO 3 (R) on C 3 are standard. In fact, the covering homomorphism ϕ µ can be used to give a simple group-theoretic interpretation of Rossi's map Φ µ . ‡ First of all, we observe that the group R × SU 2 acts on C 2 \ {0} simply transitively as follows:
(t, g)(z, w) := e t · g(z, w),
where t ∈ R, g ∈ SU 2 . On the other hand, the standard action of SO 3 (R) on Q + \ (Q + ∩ R 3 ) can be extended to a simple transitive action of the group R×SO 3 (R) by diffeomorphisms. Indeed, R×SO 3 (R) acts simply transitively onQ
where t ∈ R, g ∈ SO 3 (R). The manifoldQ + is SO 3 (R)-equivariantly diffeomorphic to Q + \ (Q + ∩ R 3 ) by means of the map F + given by
where ξ ∈ R 3 is such that ξ, ξ + = 1, ξ, ζ + = 0, det(ξ, Re ζ, Im ζ) > 0, and ·, · + denotes the standard Hermitian scalar product in C 3 . Using the SO 3 (R)-equivariant diffeomorphism F + , we can now push forward the action of R × SO 3 (R) onQ + to a simple transitive action of R × SO 3 (R) on
3 ) by diffeomorphisms. Thus, as smooth manifolds C 3 \ {0} and Q + \ (Q + ∩ R 3 ) can be identified with R×SU 2 and R×SO 3 (R), respectively. Then the map (t, g) → (t, ϕ µ (g)) is precisely Rossi's map Φ µ if we choose (1, 0) ∈ C 2 \{0} and (−i, 1, 1) ∈ Q + \ (Q + ∩ R 3 ) as basepoints. Hence formulas (3.1) -that may look somewhat mysterious at first sight -are a simple consequence of (3.3).
Next, we introduce on the domain of Φ µ the pull-back complex structure under Φ µ and denote the resulting complex manifold by M Φ µ . This complex structure is invariant under the ordinary action of SU 2 on M Φ µ . It follows from (3.2) that Φ µ maps every SU 2 -orbit in M Φ µ (all such orbits are diffeomorphic to S 3 ) onto an SO 3 (R)-orbit in Q + \ (Q + ∩ R 3 ) (we note in passing that Q + ∩ R 3 is also an SO 3 (R)-orbit in Q + ; it has dimension 2 and does not lie in the range of the map Φ µ ). Specifically, Φ µ maps the
Further, consider a holomorphic map Ψ µ :
Clearly, Ψ µ is a 2-to-1 covering map, and Ψ µ µ
(2) α = µ α for every α > 1. Thus, we have shown thatμ α coincides with the hypersurface
with the CR-structure induced from M Φ µ ; the 4-to-1 covering map µ
Next, a straightforward calculation shows that Γ Ψ µ •Φ µ is a cyclic group of order 4 generated by the map f µ defined as:
(3.4)
The only non-trivial subgroup of Γ Ψ µ •Φ µ is then a cyclic subgroup of order 2 generated by (f µ ) 2 . The cover of µ α corresponding to this subgroup is the hypersurface µ 
. Thus, every non-trivial (that is, not 1-to-1) cover of µ α is CR-equivalent to either µ 
where A ∈ O 3 (R).
The Covers of ν α and η α
In order to find all covers of ν α and η α we introduce an analogue of Rossi's map. Instead of the Hermitian form |z| 2 + |w| 2 it is associated with the form |z| 2 − |w| 2 . Let Q − be the variety in C 3 given by
: |z| 2 − |w| 2 = 0} and consider the map Φ : Ω → Q − defined by the formulas
It is straightforward to verify that the range of Φ is Q − \ (Q − ∩ W), where
and that the restrictions of Φ to the domains
are 2-to-1 covering maps onto Φ(Ω > ) and Φ(Ω < ), respectively (note that Φ(Ω < ) is obtained from Φ(Ω > ) by applying the transformation
The map Φ satisfies
for all g ∈ SU 1,1 , (z, w) ∈ Ω, where ϕ is the standard 2-to-1 covering homomorphism from SU 1,1 onto SO 2,1 (R) c , defined as follows: for
3)
The actions of SU 1,1 on C 2 and SO 2,1 (R) c on C 3 in formula (4.2) are standard. Hence Φ maps every SU 1,1 -orbit in Ω onto an SO 2,1 (R) c -orbit in Q − \ (Q − ∩ W). Note that SO 2,1 (R) c has exactly four orbits in Q − that do not lie in the range of the map Φ:
The orbits O 1 , O 2 are 2-dimensional, the orbits O 3 , O 4 are 3-dimensional, and O 2 , O 3 , O 4 lie in the set
In fact, we have
where O 5 , O 6 are the following 3-dimensional SO 2,1 (R) c -orbits in Q − :
In contrast with O 2 , O 3 , O 4 , however, the orbits O 5 , O 6 lie in the range of Φ and are the images under Φ of the sets {(z, w) ∈ C 2 : |z| 2 − |w| 2 = 1}, {(z, w) ∈ C 2 : |z| 2 − |w| 2 = −1}, respectively. From now on we will only consider the restriction
and
The covering homomorphism ϕ defined in (4.3) can be used to give a group-theoretic interpretation of the map Φ > analogous to that of Rossi's map Φ µ from the previous section, where the homomorphism ϕ µ defined in (3.3) was utilized. The group R × SU 1,1 acts on Ω > simply transitively as follows:
where t ∈ R, g ∈ SU 1,1 . On the other hand, the standard action of SO 2,1 (R) c on D > can be extended to a simple transitive action of the group R × SO 2,1 (R) c by diffeomorphisms. Indeed, R × SO 2,1 (R) c acts simply transitively on each of the two connected components of the set
where ζ, ζ
The action is given as follows: (t, g) ζ := e t · g ζ, (R) c -equivariantly diffeomorphic to D > by means of the map F − defined as
where ξ ∈ R 3 is such that ξ, ξ − = −1, ξ, ζ − = 0, det(ξ, Re ζ, Im ζ) < 0. Using the SO 2,1 (R) c -equivariant diffeomorphism F − , we can now push forward the action of R × SO 2,1 (R) c onQ 0 − to a simple transitive action of R × SO 2,1 (R) c on D > by diffeomorphisms. Thus, as smooth manifolds Ω > and D > can be identified with R × SU 1,1 and R × SO 2,1 (R) c , respectively. Then the map (t, g) → (t, ϕ(g)) is exactly the map Φ > if we choose (1, 0) ∈ Ω > and (−i, 1, −i) ∈ D > as basepoints. We will now concentrate on the domains in Ω > lying above Q − \ (O 1 ∪S). Let Φ ν , Φ η denote the restrictions of Φ > to the domains
respectively. The maps Φ ν and Φ η are 2-to-1 covering maps onto Σ ν and Σ η . Introduce on Ω ν , Ω η the pull-back complex structures under the maps Φ ν , Φ η , respectively, and denote the resulting complex manifolds by M Φ ν , M Φ η . These complex structures are invariant under the ordinary action of SU 1,1 . The map Φ ν takes the SU 1,1 -orbit
where 0 < r < 1. Similarly, the map Φ η takes the SU 1,1 -orbit
where r > 1. Observe now that z 3 = 0 on Σ ν and consider the holomorphic map Ψ ν : Σ ν → C 2 defined as follows:
This map is 1-to-1, it takes Σ ν onto
and establishes equivalence between ν ′ α and ν α for −1 < α < 1. Next, we note that z 1 = 0 on Σ η and consider the holomorphic map
It is easy to see that Ψ η is a 2-to-1 covering map onto
and realizes η
α as a 2-sheeted cover of η α for α > 1. Let Λ : C × ∆ → Ω > be the following covering map:
where s ∈ C, t ∈ ∆ and ∆ is the unit disk. Further, define 
2r 4 −1 by means of the map Λ ν for 0 < r < 1, and the simply-connected hypersurface Suppose that n ≥ 2 and set Ω ν (n) := (z, w) ∈ C 2 : 0 < |z| n − |z| n−2 |w| 2 < 1 (note that Ω ν (2) = Ω ν ). Consider the map Φ ν n from Ω ν (n) to Σ ν defined as follows:
z 1 = −i(z n + z n−2 w 2 ) − i zw + wz |z| 2 − |w| 2 , z 2 = z n − z n−2 w 2 + zw − wz |z| 2 − |w| 2 , z 3 = −2iz n−1 w − i |z| 2 + |w| 2 |z| 2 − |w| 2 .
(4.11) (i) A non-trivial cover of a hypersurface ν α with −1 < α < 1 is CR-equivalent to either ν
with n ≥ 2 defined in (4.7), (4.12); the groups of CR-automorphisms of these covers are described in (A)-(B) , in particular, for every N ∈ {2, 3, . . . , ∞} there exists a complex 2-dimensional manifold M ν N on which a connected 3-dimensional Lie group G ν N acts by holomorphic transformations, such that for every −1 < α < 1 the hypersurface ν (ii) A non-trivial cover of a hypersurface η α with α > 1 is CR-equivalent to either η 
